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Abstract
The finite regular 2-complexes that have the property that every finite sheeted cover has total space
homeomorphic to the base space are classified. Ó 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
The main result in this paper is a classification of all regular h-connected 2-complexes.
As a corollary, it follows that the only finitely presented hc-groups that can be the
fundamental group of a regular h-connected 2-complex are those that have no proper finite
index subgroups, Z, and Z×Z.
Section 2 contains basic definitions and briefly describes the motivation for the
investigations leading to the main results in this paper. Precise statements of the main
results and their proofs are contained in Section 3.
2. Preliminaries and motivation
A compact connected Hausdorff space M is an h-connected space if and only if
whenever p :X→M is a finite sheeted cover of M it follows that X is homeomorphic
to M . The circle is is simple example of such a space. Exploiting the correspondence
between connected coverings of a connected finite-dimensional manifold and subgroups
of its fundamental group yields the “dual” definition for groups. That is, a groupG will be
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called an hc-group if and only if every finite index subgroup of G is isomorphic to G. If
a connected Hausdorff space M has no non-trivial finite sheeted covering spaces, M will
be said to be trivially h-connected. An hc-group is a trivially hc-group if and only if G
has no proper finite index subgroups. The basic theory of finitely generated hc-groups is
developed in Robinson and Timm [7]. This paper also includes the beginnings of the theory
of h-connected complexes. Much of the basic topology of trivially h-connected spaces
(also called H -connected spaces in the literature) is developed by Jungck in [4]. For more
general results on the topology of finite-to-one maps and some related open problems, the
reader should consult the survey paper by Heath [1] and those listed in its bibliography.
Examples of trivially h-connected spaces, indeed trivially h-connected compact man-
ifolds, and finitely presented trivially hc-groups abound. For example, any finitely pre-
sented infinite simple group or, more generally, any finitely presented group that has no
proper finite index subgroup is an hc-group. For specific examples of such groups, see
Higman [2,3]. One method yielding trivially h-connected spaces is to start with a finitely
presented trivially hc-groupG and apply the standard technique for building 2-complexes
with a given fundamental group. This yields a trivially h-connected 2-complex K with
pi1(K)∼=G. To get a trivially h-connected n-manifold for n> 4, embed K in Rn (n> 4)
in general position and take a regular neighborhood M of K . The space M is a trivially
h-connected n-manifold with boundary such that pi1(M)∼=G.
Also, beginning with a finitely presented trivially hc-group G or compact trivially h-
connected n-manifold M , one may easily obtain hc-groups that have proper finite index
subgroups and h-connected (m + n)-manifolds (m > 1) that have non-trivial self-covers
as follows. Given any finitely presented trivially hc-group G, the groups (×mk=1Z) ×
G are finitely presented hc-groups with proper finite index subgroups. Analogously,
for any compact trivially h-connected n-manifold M , the compact (m + n)-manifolds
(×mk=1S1)×M are h-connected manifolds with non-trivial self-covers. However, finding
finitely presented non-trivially hc-groups or compact non-trivially h-connected manifolds
that are irreducible with respect to direct product is much more difficult.
For example, using Robinson’s constructions developed in Section 5 of [7] one may
obtain large classes of finitely generated, though not necessarily finitely presented, non-
Abelian hc-groups with proper finite index subgroups that are directly indecomposable. It
would be nice to be able to quickly and easily recognize those among them that are finitely
presented directly indecomposable non-Abelian hc-groups. Unfortunately, even for these
classes, this appears to be difficult.
This observation prompts the change to the topological approach presented here. Since
any non-trivially h-connected finite complex has a non-trivially hc-group, another possible
method for coming up with finitely presented non-Abelian non-trivially hc-groups is,
therefore, to construct finite non-trivially h-connected complexes and write down their
fundamental group. Since every h-connected complex has an hc-group as its fundamental
group, it also seems reasonable to consider the converse of this situation. That is, one
wonders which hc-groups can be the fundamental groups of an h-connected complex.
This paper explores the consequences of this topological question when one restricts to
dimension 2.
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3. Nonrepresentability of hc-groups via h-connected 2-complexes
Definition 3.1. LetK be a finite CW-complex with dim(K)= n. The set of singular points
of K is the set
Σ(K)= {x ∈K: no neighborhood of x is homeomorphic to Rn or
Rn−1 × [0,+∞)}.
The boundary of K is the set
∂K = {x ∈K: x has a neighborhood homeomorphic to Rn−1 × [0,+∞)}.
The set M =M(K)=K \Σ is the set of non-singular or manifold points of K .
Observe that for a finite CW-complex K , the singular set Σ(K) is clearly a closed
subset of K and the set of manifold points M(K) is an open subset of K . In addition,
M(K)\ ∂K =K \ (Σ(K)∪ ∂K) is an open subset ofK that is a not necessarily connected
n-manifold with empty boundary andΣ(K)∪∂K is therefore a closed subset ofK . Finally
note that Σ(K)∪ ∂K is contained in the (n− 1)-skeletonKn−1 of K . Example 3.2 shows
that even when dimK = 2 and the maps attaching the 2-cells to the 1-skeleton are locally
1–1 maps that are homeomorphisms at all but finitely many points, ∂K is not necessarily a
closed subset of K .
Example 3.2. Let G = Z with presentation 〈a, b: ab−1 = 1〉. Take K to be a natural
2-complex associated to this presentation. Observe that Σ(K) = {∗} and that ∂K is
homeomorphic to (0,1)∪ (1,2) which is not a closed subset of K .
Recall that a finite tree is a finite connected 1-complex that contains no circles. It is easy
to see that the only connected finite h-connected CW-complexes of dimension 0 or 1 are {∗}
and CW-complexes that are finite trees or S1. If a CW-complexK is a compact connected
surface, i.e., a compact connected 2-manifold perhaps with boundary, that has any non-
trivial self-cover, the classification theorem for compact surfaces, e.g., Kinsey [5, 4.14],
and the fact that any complex with a non-trivial self-cover must have Euler characteristic
equal to zero, imply that K must be homeomorphic to either an annulus S1 × I , the 2-
torus S1 × S1, the Möbius band, or the Klein bottle. As the Möbius band and Klein bottle
are non-orientable manifolds and their 2-fold connected covers are orientable, neither is
h-connected. Hence an h-connected 2-complex is a compact surface if and only if it is
homeomorphic to the 2-disk, S1 × I , S1 × S1, or S2. Hence a finitely presented hc-
group G can be the fundamental group of a compact h-connected surface if and only if
G ∈ {1,Z,Z× Z}.
The following lemma gives another class of non-trivially h-connected 2-complexes.
These have non-empty singular set, nonempty boundary, and fundamental group isomor-
phic to Z. Its proof is an easy exercise.
Lemma 3.4. Let T be a finite connected tree. LetK =K(T )= S1×T . Then pi1(K,∗)∼= Z
and K is h-connected.
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Lemma 3.5. Let K be a finite 2-complex with Σ =Σ(K) and M =M(K). If p :K→K
is an m-fold self-cover, then the restrictions (p|Σ) :Σ → Σ , (p|M) :M → M , and
(p|∂K) : ∂K→ ∂K are m-fold self-covers.
Proof. As a covering projection is a local homeomorphism and Σ , M , and ∂M are all
defined in terms of local conditions, the following containments are clear: p(Σ) ⊂ Σ ,
p(M)⊂M , and p(∂K)⊂ ∂K . Since p is onto, equality must hold in each case. 2
Lemma 3.6. Let K be a finite connected 2-complex with Σ = Σ(K) and M =M(K).
ThenM has finitely many components. Furthermore, if p :K→K is an m-fold self-cover,
then for each component C of M , p−1(C) is a single component of M , p(C) is a single
component of M , and the restriction (p|C) :C→ p(C) is an m-fold covering projection
of C onto p(C).
Proof. Since every component of M = M(K) must contain at least one open 2-cell, it
follows that the number of components of M is less than or equal to the number N of
attached 2-disks.
Now suppose that C is a component of M . Then, p−1(C) ⊂M , by Lemma 3.5. Let
C0 be a component of C such that p(C0) ∩ C 6= ∅. Since p(C0) is connected and C
is a component, it follows that p(C0) ⊂ C. If p(C0) 6= C, the fact that the restriction
(p|M) :M→M is a covering projection and therefore onto M , implies that some other
component, say C1, is also mapped into C. Thus the number of components in p(M) is
strictly less than the number of components in M . But this contradicts the surjectivity of
(p|M) :M→M . Observe that essentially the same argument gives that (p|C) :C→ p(C)
is an m-fold covering projection onto p(C). 2
Corollary 3.7. Let K be a finite 2-complex with Σ =Σ(K) and M =M(K). If p :K→
K is an m-fold self-cover for some m > 1, then M has no component that is trivially h-
connected. Hence, if K is a finite connected 2-complex with a component of M(K) that
is trivially h-connected then K has no non-trivial self-covers. If, in addition, this K is
h-connected, then pi1(K) has no proper finite index subgroups.
Proof. Suppose that p :K → K is an m-fold self-cover for some m > 2. Also, suppose
that C is a component of M(K) that is trivially h-connected. Since C has no non-trivial
finite sheeted covers, it follows that p−1(C) is a disjoint union of m > 2 spaces each
mapped homeomorphically onto C. But this contradicts Lemma 3.6. Thus, if K is a finite
connected 2-complex such that some component of M(K) is trivially h-connected, then
K has no non-trivial self-cover. When it is also known that this K is h-connected, then
the correspondence between subgroups of pi1(K,∗) and covering spaces of K implies
pi1(K,∗) has no proper finite index subgroups. 2
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Note that it is easy to see that there exist finite trivially h-connected 2-complexes that
have components of the set of manifold points that are non-trivially h-connected. For
example, let
K2 =
{
(x, y, z)⊂R3:
√
x2 + y2 + z2 = 1
}
∪ {(x, y,0) ∈R3: 16 x2 + y2 6 4}.
It is clear that K strong deformation retracts to S2 and so is simply connected. So, K is
trivially h-connected. The singular set is the circle S1 = {(x,0,0): x2 = 1} and so the set
of manifold points ofK is the disjoint unionM(K)=D2 ∪D2 ∪ (S1× (1,2]) of two open
2-disks and a half open annulus. The half open annulus clearly is an h-connected space
with non-trivial self-covers.
Observe that up to this point no special assumptions about the nature of the attaching
maps ϕα : ∂Dnα→Kn−1, n= 1,2, into the (n− 1)-skeleton of K other than that they be
continuous maps into this skeleton and satisfy the most generally allowed conditions, such
as those in Munkres [6, §38], needed to obtain a CW-complex. Unfortunately, it is not the
case that the analog of Lemma 3.6 is true in this generality for the set Σ(K) of singular
points. In particular, without additional hypothesis, there are examples of 2-complexes
such that Σ(K) has infinitely many components. Since Σ(K) having only finitely many
components is essential for the proof of the main result, we will in the sequel assume that
K is, in Munkres [4, §38] terminology, a regular cell complex. That is, the CW-structure
is such that each attaching map ϕα : ∂Dnα → Kn−1, n = 1,2, is a homeomorphism onto
its image and that for each open cell e of K , e˙ = e − e, is a union of finitely many open
cells of K . We begin with an example showing the necessity of some sort of “regularity”
hypothesis.
Example 3.8. K has one 0-cell e0 = {∗}, a single 1-cell e1 = [0,2], and a single 2-cell
e2 = D2 = {(x, y): x2 + y2 = 1}. The 1-cell is attached to e0 by identifying 0 and 2
with ∗ to obtain a circle as the 1-skeleton K1. The 2-cell is attached to K1 via the map
ϕ : ∂D2→ K1 defined as follows. Think of ∂D2 as [0,2] (mod 2). That is, as [0,2] with
the endpoints identified. For x ∈ [2/3n,3/3n], n= 1,2,3, . . . , define ϕ(x)= ϕn(x) where
ϕn :
[
2
3n
,
3
3n
]
→
[
2
3n
,
3
3n
]
is the piecewise linear continuous map determined by
ϕn
(
2
3n
)
= 2
3n
, ϕn
(
2
3n
+ 1
3n+1
)
= 3
3n
,
ϕn
(
2
3n
+ 2
3n+1
)
= 2
3n
, and ϕn
(
3
3n
)
= 3
3n
.
For x /∈⋃∞n=1(2/3n,3/3n), define ϕ(x) = x . As ϕ is 3-to-1 on ⋃∞n=1(2/3n,3/3n), the
singular set of K is Σ(K) = (⋃∞n=1[2/3n,3/3n]) ∪ {0}. Clearly Σ(K) has infinitely
many components. Note that K has the homotopy type of a point and so is (trivially)
h-connected. Taking K × S1 gives a non-trivially h-connected 3-complex whose singular
set has infinitely many components.
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Lemma 3.9. Let K be a finite regular connected 2-complex. If p :K→ K is an m-fold
self-cover for m> 1 then ∂K and its singular set Σ =Σ(K) are finite disjoint unions of
circles. Furthermore, if Σ0 is a component of Σ(K), then p−1(Σ0) is a single circle that
is an m-fold cover of Σ0 and Σ0 is an m-fold cover of p(Σ0). In particular, these results
hold if K is non-trivially h-connected.
Proof. Note that if it can be shown that Σ(K) is a finite disjoint union of circles then the
other results in the statement of the lemma follow from the same proof as the analogous
results in Lemma 3.6. We show that ∂K ∪ Σ(K) is a finite union of circles. Recall that
∂K ∪Σ(K)⊂K1.
We first show that ∂K ∪ Σ(K) is a subcomplex of K1. The assumption that K is a
regular 2-complex implies that whenever e is an open cell such that e∩ (∂K ∪Σ(K)) 6= ∅
then e ⊂ (∂K ∪ Σ(K)). Therefore ∂K ∪ Σ(K) is a subcomplex of K1 and therefore a
finite 1-complex. So, ∂K ∪Σ(K) has finitely many components. Since p :K→K is an
m-fold self-cover for some m> 2, considering the restriction
p|(∂K ∪Σ(K)) : ∂K ∪Σ(K)→ ∂K ∪Σ(K),
the analog of the argument in Lemma 3.6 then gives that each componentC of ∂K ∪Σ(K)
is k-fold cover of the component p(C).
Now, let C1, . . . ,Cn be the components of ∂K ∪ Σ(K). Since p : (∂K ∪ Σ(K))→
(∂K ∪Σ(K)) is a non-trivial cover of a finite complex by itself, it follows that ∂K ∪Σ(K)
has Euler characteristic χ(∂K ∪Σ(K))= 0. Since ∂K ∪Σ(K) is at most 1-dimensional,
its only possible non-zero Betti numbers occur in dimensions 0 and 1. Thus, defining βj to
be the first Betti number of Cj , it follows that
0= χ(∂K ∪Σ(K))= n∑
j=1
χ(Cj )=
n∑
j=1
(1− βj ).
So, βj = 1 and each Cj is a homotopy circle.
We show that each Cj is a circle. It suffices to show that C1 is a circle. Let p :Cj →C1
be the m-fold cover of C1 by the appropriate component of ∂K ∪ Σ(K). Since C1 is a
finite 1-subcomplex of a regular complex with the homotopy type of a circle, it may be
written as
C1 = S1 ∪
(
k⋃
i=1
ei
)
,
where each ei is a closed 1-cell with at most one endpoint in S1. We show k = 0. For
suppose not. Then choose e1 so that it is a closed 1-cell of C1 with exactly one of its
endpoints in S1. Since K is regular, this endpoint, call it v, must be a 0-cell of K , and as a
vertex of the 1-skeleton, must be a vertex of valence at least 3. But p :Cj → C1 is anm-fold
cover. So Cj , and therefore the 1-complex ∂K ∪Σ(K) contains, at least m points, namely
p−1(v), that have the same local topology as does v. Since K is regular, each of these m
points must be a 0-cell ofK . So,K contains at leastm 0-cells. Looking at them-fold cover
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p :p−1(Cj )→Cj . We get that K contains at least m2 0-cells, and so by induction, that K
contains infinitely many 0-cells. This contradicts the finiteness of the cell structure for K .
Thus ∂K ∪ Σ(K) is a finite disjoint union of circles. Now, Σ(K) is a closed, and
therefore compact, subset of K . So, since K is a regular cell complex, Σ(K) is a
subcomplex ofK1. Thus, by the same argument as above, it follows thatΣ(K) is a disjoint
union of finitely many circles. Therefore, so is ∂K . 2
Theorem 3.10. Let K be a finite regular CW-complex with dim(K) = 2. Then K is h-
connected if and only if K is trivially h-connected, K is a 2-torus S1 × S1, or K is
homeomorphic to T × S1 for some finite tree T .
Proof. Clearly if K is trivially h-connected, the 2-torus, or T × S1 for some finite tree T ,
then K is h-connected. So, to prove the converse, suppose that K is h-connected but is
neither a trivially h-connected space nor the 2-torus. Since K is non-trivially h-connected
it has an m-fold self-cover p :K→K for some m> 2.
The remarks preceding Lemma 3.4 show that when Σ(K) = ∅, K is either the 2-torus
S1 × S1 or the annulus S1 × I . By assumption, K 6= S1 × S1, so K = S1 × I and as the
interval I is a finite tree, K has the indicated form. So we may assume that K has non-
empty singular set Σ(K).
By Lemma 3.6, the set of manifold points M(K) also has a non-trivial self-cover and
consists of finitely many components C1, . . . ,Cn each of which is an open 2-manifold
of finite genus (perhaps with a boundary consisting of a disjoint union of finitely many
circles). But K is regular so each Cj has at most finitely many ends. Thus each Cj is a
finite genus surface with finitely many boundary components and finitely many punctures.
Therefore, each Cj strong deformation retracts to a bouquet Bj of mj circles. So, since
M =M(K) has a non-trivial self-cover, it has Euler characteristic 0. Thus
0= χ(M)=
n∑
j=1
χ(Cj )=
n∑
j=1
χ(Bj )=
n∑
j=1
(1−mj).
Since mj is nonnegative, it follows that mj = 1. So each Cj is a possibly open 2-manifold
(perhaps with boundary) that has the homotopy type of a circle.
By Lemma 3.9, Σ(K) 6= ∅ implies it is a disjoint union of σ > 1 circles. So, from the
preceding paragraph and since K is a regular CW-complex,K is also an adjunction space
obtained by attaching closed annuli A1, . . . ,An to Σ(K) where each Aj is the component
Cj together with its missing boundary circle(s). The regularity hypothesis implies that
these attaching maps are local homeomorphisms of the appropriate boundary circle(s) of
Aj onto the appropriate circle(s) in Σ(K). We will call the collection A1, . . . ,An the
annular decomposition of K .
Claim 1. No annulus in the annular decomposition of K has both of its boundary circles
attached to the same circle in Σ(K).
Proof. The proof of the claim is by contradiction. Suppose some annulus, say A1 =
S1×[0,1] and its attaching maps ϕi :S1×{i}→Σ(K), are such that the image of both ϕi
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are the same circle in Σ(K). Then, the circle S1 × { 12 } is, in Jungck’s terminology [4, 7.1]
a closed, thin, locally separating subset of K that is not a global separator of K . Hence,
we may build K ⊕K , the ‘double’ of K , see [4, 7.2], by splitting K along S1 × { 12 }. By
Jungck [4, 7.2], K ⊕K is a connected 2-fold cover of K . Hence, since K is h-connected,
K ⊕K is homeomorphic to K . But, S1 × { 12 } ∩Σ(K)= ∅. Therefore, the singular set of
K ⊕K contains 2σ disjoint circles. So, σ = 2σ . This is a contradiction since σ > 1 and
the claim follows. 2
Claim 2. Let A= S1 × [0,1] be an annulus in the annular decomposition of K . Suppose
that ϕ :S1 × {0}→Σ0 is the attaching map attaching a boundary component of A to the
circle Σ0 ⊂Σ(K). Then ϕ is a homeomorphism.
Proof. To see this let ω = ω(ϕ) ∈ Z = H1(Σ0,Z) denote the winding number, i.e.,
first homology class, of ϕ. Since K is a regular CW-complex, ω 6= 0. By changing the
orientation on Σ0 if necessary, we may assume ω > 1. We show that ω = 1. Since ϕ is a
local homeomorphism, this will then imply that ϕ is a homeomorphism. Let Tω denote the
finite connected tree with one vertex from which protrude ω branches.
Since K is h-connected it has, by Robinson and Timm [7, 3.2], finitely generated free
Abelian first homology group H1(K,Z). It is an easy exercise to show that a non-trivially
h-connected space must have an m-fold regular cyclic self-cover for somem> 2. So, from
these two observations, it follows that,H1(K,Z) contains a Z-summand. Therefore,K has
a regular cyclic ω-fold connected self-coverΩ :K→K .
Think of the image of the sub-annulusA1/2 = S1×[0, 12 ] ⊂ S1×[0,1] in K and denote
this image by A′. Now, S1 × {0} is attached to Σ0 via ϕ and S1 × { 12 } is embedded in K .
So, A′ is a locally trivial bundle over S1 with fibre F homeomorphic to Tω .
Now, by Lemma 3.9 the lift of Σ0 under Ω is a single circle in Σ(K) that is regular
cyclic ω-fold cover of Σ0. Therefore, the lift of A′ underΩ is a cyclic ω-fold cover and is
therefore an S1 × Tω .
Proceeding inductively, we may implement the above process for each annulus A in
the annular decomposition of K and each attaching map ϕi, i ∈ {0,1} for which the
winding number |ω(ϕi)| 6= 1 thereby obtaining a sequence of regular cyclic covers of K
that “unwinds” the attaching maps. As there are at most finitely many annuli and attaching
maps in the annular decomposition of K , this process terminates. Furthermore, since the
only regular cyclic covers of spaces homeomorphic to S1× Fω , are by Lemma 3.4, copies
of itself, the top covering space (which by definition of h-connected is a copy of K) will
have all its attaching maps with ω(ϕi)= 1 and the proof of Claim 2 is complete. 2
We now apply Claim 2 to obtain the product structure on K and complete the proof
of Theorem 3.10. Again, let Σ0 ⊂ Σ(K) be one of the singular circles in K . Let
A = S1 × [0,1] be one of the annuli in the annular decomposition of K attached to Σ0
via ϕ0 :S1 × {0} → Σ0. By Claim 2, ϕ0 is a homeomorphism onto its image. Also, by
Claim 1, the image under the attaching map ϕ1 :S1×{1}→ ∂K∪Σ(K) is either a different
component of Σ(K) or a component of ∂K . In either case, ϕi is a homeomorphism and
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so there is a homeomorphic copy of the annulus A sitting in K . The CW-structure on K
induces a CW-structure on A. Choose a 0-cell ν0 ∈ Σ0. The regularity hypothesis on K
implies that there is connected 1 sub-complex T ′0 of K contained in A such that T ′0 is
an interval with ν0 one of it endpoints and its other endpoint, the 0-cell ν1, on the other
boundary circle of A. A is homeomorphic to S1 × T ′0. Iterating this process for the each
annulus in the collection {A0j : j ∈ I0} of annuli in the annular decomposition that contains
Σ0, we obtain a tree T0 such that⋃
j∈I0
{
A0j
}= T 0 × S1.
For each branch of T 0 that ends at a vertex of another singular circle (as opposed to those
whose second vertex is contained in a component of ∂K), use the second vertex as the base
point and iterated the above construction to obtain (after finitely many such iterations) a
tree T such that K = T × S1. 2
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